Fourier Series & Fourier Transform
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A System View

« System Classification
— Stable (BIBO)
— Causal (independent of future)
— Linear (superposition principle)
— Memory-less (no dependency on past or future)
— Time Invariant (time shift in input—> similar time shift in output)

 We are primarily interested in LTI system



Frequency Representation

« Systems are modeled in time domain
« Often it is easier to learn about certain characteristics of a system when signals
are expressed in frequency domain
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Frequency Domain

* One way to represent a signal in frequency main is to use
Fourier representation

— Fourier Series — Periodic waveforms
— Fourier Transform — Aperiodic waveform with finite energy (periodic
signal with infinite period)
» Fourier Series can be expressed
— Exponential FS
— Trigonometric FS

« EXxpressing signals in frequency domain involves
— magnitude & Phase



Exponential Fourier Series (periodic signais)

* The complex FS uses the Notes:

orthogonal exponential function |* Cnis the FS coefficients
0,(t)=e""

where n is any integer, | W T peradE
w,=211/T,, and T,=(b-a) is the = ... +C_etiwoleC +C, e nwots
length of interval over which the
orthogonal series is valid.

A physical waveform (i.e., finite
energy) may be represented
over a<t<a+T,

@ (t) = Z c e’ ", where
n=— * Cn (phasor) has phase and

a+T, | magnitude |[Cn| & |_Cn
o= Tl_ J‘(o(t)e_’"""“’dt d S
0 a

* If w(t) is periodic with periodT,
the series is valid over —o<f<~,

 Cn is pahsor form of Spectral
components

Cc




Fundamental Freq. & Other Harmonics

We can represent all periodic signals as harmonic series of
the form
— C,, are the Fourier Series Coefficients & n is real
— n=0 - Cn=0 which is the DC signal component
— n=+/-1 yields the fundamental frequency or the first harmonic w,
— |n[>=2 harmonics

’I=CX:' ) a—-Tﬂ

w(t) = D, cpe/m Cn =

n=—0oa

— w(t)e M qt
T() a



Fourier Series and Frequency Spectra

* We can plot the frequency spectrum or line spectrum of
a signal
— In Fourier Series n represent harmonics

— Frequency spectrum is a graph that shows the amplitudes and/or
phases of the Fourier Series coefficients Cn.
* Phase spectrum ¢n

« The lines |Cn| are called line spectra because we indicate the
values by lines

" |Cn|
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Exponential Fourier Series (properties)

w(t)= ) c,e”"", where » Properties of FS:
] e | 1. If w(t) is real, c,=c_*
= — t)e " dt
En T, !w( )e 2. If w(t) is real & even, Im[c =0

3. If w(t) is real & odd, Re[c,J=0

4. Pareseval theorem (Avg Pwr)
l a+T, , nex )
- !I o(t)|*dt = ;.' c, |



Fourier Series (Average Power for x(t))

Using Pareseval’s Theorem:

e The normalized power P, of a periodic signal x (¢) is given by

P_

dt = —Ix (t)x (t)dt Remember:

P_, = <V(t)2/R>

0 T,

e Substituting the FS expansion for x (¢) yields

P __"‘x (t)|:z C -jZYFfI:P

0 r A
o . Average power in the
= Z j x,(t)e”*™"dt |C, | frequency component at /= nf,

n=—u T

n=—a0_ n=—

Average power of x,(¢) = sum of the
average power of phasor components




Different Forms of Fourier Series

» Fourier Series representation has different forms:

Note that n=k

Name Equation
Polar . ad X ig "
Form Exponential > Gttty G = |Culet™, C = C
k==oo
Susarare ] Combined trigonometric Cy + zzlcklcos(kwor + 6;)
Form k=1
o0
Trigonometric Ay + D, (Ascos kayt + By sin kwgt)
=
20, = Ay — JB, Gy = Ay
. 1 f :
Coefficients Cp = = | x(f)e 7 ™'dy
Ty Jr,

What is the relationship between them?-> Finding the coefficients!



Fourier Series in Quadrature & Polar Forms

* In quadrature form over interval
a<t<a+T,

aft) = Zan cosn,t + Zb,, sinnw,t, where
n=0 n=l

-
a+T,

w(t)dt,n=0

ja)(t)sin no,tdt,n >1

0 a

Also Known as Trigonometric Form

Slightly different notations!
Note that n=k

* |In polar form

@(t) =D, + ZD,, cos(nw,t + ¢, ), where
n=0

D - a,,n=0 _[ey,mn=0
T WalebE,nz1" 20, bn>1

1
TO
" 2
— | @w(t)cos nw,tdt , n =1
I j (t) :

(p,,=—tan_'[b”J=4c ,n=1
a

n

D,,n=0
a =
! D cos ¢, ,n2=1
b =-D sin ¢, ,n2=1

n

Also Known as Combined
Trigonometric Form




Important Relationships

« Euler’ s Relationship
— Review Euler formulas

el = cosf + jsin @

e = cos(—6) + jsin(—6) = cos§ — jsin
o i .
2]

sinfg = -

el =1/9

. sin &
are ¢/? = tan™? = §
& [cos Gil




Examples of FS (A)

Find Fourier Series W)= Y Cel
Coefficients for

N VR SRR (PR BRI

.\'(I)ZE(' 4 — +?(;' _T(, ] '

x(2) = cos(wgt) + sin(2at) | T
C== C,=7 C=o C,=——
: 2j 2]

Find Fourier Series
Coefficients for

2
C, =0, all other £.

y(t) = sin’ 2wt + 2 cos apt = %(1 — cos dat )+2 cos axt

o
W(t) = z C eliev Remember:
v & 1. cos(a £ b) = cosacosb F sinasinb
= = p p
kI {1 | | ' 9. sin(a £ b) = sinacosb + cosasinb
. . e f - J4an) J g - e/ .
."(t) _5_5 '5() +Ee +2 E"-’ +E"-’ 3. cosacosh = [ cos(a + b) + cos(a — b)]
| | 4. sinasind = %[ cos(a — b) — cos(a + b)]
I . I .
)4, LT i, J i, . =3 + + - b
,V(_’):——-(’ e b LI L L 5. sinacosb 2[sm(a' b) + sin (a — b)]
2 4 4 6. cos2a= cos’a— si‘fa=2cos’a—1=1-2 sin%a
| | | 7. sin2a = 2sinacosa
Cl‘:a C~:_: C—-*:_- C|=| C—l=I 8. ’cos2a=%(1+ cos2a)
9. sin‘q = %(1 — cos2a)

C, =0, all other £.



Example of FS (B) (Line Spectrum of a Rectangular Pulse Train)

Determine the FS expansion of a periodic pulse train of
rectangular pulses

o =3 [(t-nt)] =1 [ [~

- T :

e Each pulse has unity amplitude and duration 7. The FS
coefficients are given by

T/2

1 —i22nf 1 —i22nf 1 -janf.t inf, T
C - t ,.v...vnj,,tdt — e jixnf rdt - e J 0 _e/ 0
AL 7, | 2l T, ]
' -t/2
r sin(znf,7)
I 7nfr

See next slide



Example of FS (B-Cont.)

Note: If t=To/4=1/4fo -~

C, = %sin c(znf,T) = %sin c(nl4) <— Envelope

T . : \
_slnc(fm/4)‘ i ‘\. n=4

o 0 .l |Ck| —

Not . ;: Magnitude Two-

otes: . ' Sided Spectrum
sinc (infinity) 2> 0 ) ! :
Max value of sinc(0)=1 : — O VTS oe
sinc (n.pi) = 0; n is integer>0 N LN W | VI NI RATY
|Picks| occurs at sinc[n(2pi+pi/2)] ! | : |

'3
It is possible to show the
Mathematical representation Il?\ggeegﬁan o
Of the frequency spectra as 9
the following:
‘V(f) = 2 Cn 8(f _ n’f‘()) - bt - e bdearesre» -t e
e = | Phase '

Representation-
0, 180 deg. Change!

Applet to plot sinc function: http://mathworld.wolfram.com/SincFunction.html



Example of FS (B2)

Note that in this case there is no time-shift:
—

A
—1 1 1, T 3 27,
’ _j’n j’n v j’u v
{ ———
(a) Waveform A W(f)|
2
’o'r\‘ ) i
; kY Envclopc:i M‘
N - 2 wTf
’ A
-1 1 K s
To Ty 2T ’ :' ‘|‘
where 7' = pulse width N a1 ' 8(f — nfy)
H
!
!
"—.\‘ "
e e~ l' K :
Rl r Y p
—6fy —5fy —4fy=3fy —2fy —fo To 2fy 3fy 4y Sfy 6fy )
f—
3 2 1 1 2 3
T T T T T

T



PSD of a Periodic Square Waveform

 For a periodic waveform, PSD is

PSD = P(f) = Zlc > 6(f —nf,)

n=-=xw0

Therefore, PSD = ZIC,, P58 (f = nfy)

P()

Make sure you know the difference
between Frequency Spectrum,
Magnitude Frequency Spectrum,
and Power Spectral Density

-
,,,,
\\\\
-

« Example: What is PSD for a
square wave?

P0)= 3 (4 (2D (71

n=-w

Using Example of FS (B2)



Example of FS (C) — A different Approach

* Note that here we are using quadrature form of amplitude

shifted version of v(t): axt) = Zan cosnon_Zh,. sinnay,

n=l) n=|

Even function

_4v 4v 4V
o v(r) = coswt—ycos3mt+§cos5wt+

Ve iotar_even D)= Y, 2V sinc(Naw / 2)cos(Nawr)

ol e stin i

N=odd
-V
Odd function
4 4V 4V

+V V(f)=?smwt+-§;sm3mt+w--

| - 4V

) = —
| t W ) N_Eo:dd Nt sin Nwt
T

-V ;

Do it! Note that N=n; T=To




A Closer Look at the Quadrature Form of FS

« Consider the following quadrature FS representation of an
odd square waveform with no offset:

4 n 4v
t) = —si + — 5] seee
o (1) - sin of 3 Sin 3wt +
- 4V
t) = — i
| l t (1) Ng‘“ Ny Sin Not
T
-V n=0oo
W(f) = 2, ¢ 8(f — nfp)
nR=—0C
4V /In
/3 Thus: Cn =4V/Nn
4V/5n _
w7 Magnitude Frequency Spectrum W(f)=FS[v(t)]
N represents the Harmonic NUMBER
N=1 3 5 - NS So 3f represents the
freq=f=1/T  3f 5f 7f > third harmonic number




Generating an Square Wave

ANI-NIVA ANV 10HAAAA //\V/\,n\,/\\

1 i e
' 1 T —

—05 \ -0.5

~10 /\/\/ \/\/\/ -10 \I\A/\/ A AN
- (VAR ARV, (VARCARV, vy ¥y VY ¥V
0.0T7 0.5T 1.07 1.5T 207 0.07 0.57 1.0T 157 207

(2) (/) [sinQafr) + (13)sinQw(3f)1) + (1/5)sinm(5f) 1)) (b) (4/m) [sin(2mfr) + (1/3)sin(2w(3f)1) + (US)sin2m(5£)2) + (UT)sina(7f)5)

N=1,3,5 N=1,3,5, 7
L0 This is how the time-domain waveform
0 of the first 7 harmonics looks like!
00 ' — Frequency Components of Square Wave
~05

o ' - 4V
W) = 2 — sin Nt

0.0T 0.5T 1.0T 1.5T 2.07
N=odd N T

(c) @) 2 (Vk)sinQar(kf )1), for k odd

N=1,3,5,7,9, .....

Fourier Expansion



What Is the FS of A Pulse Signal?

> A |«
+V I — v(t) = Ezﬁsinc( szo)cos(NJtt)

0 o

t

PO TIIS——————
-l

e 0.25=0T
‘-d iT» 0 11

L . Fri

Note that the width of the pulse can change!
(o) |
30=3/t

I] (sin XM/ X
10=1h 20=2/t %-0.125
~ 18t lobe anlobo 3vd lobe (sin )/
Positive Positive
Frequency
3rd null

X = 0.03126

““ll:mmlull“ll.z."m"l”h-n-1 Froquency mT ,,'?unn:.i:x:h;lun

0t m 201 26¢ 30f |

What happens to the envelope as the
pulse gets smaller?

—— —— —
PR ——

Magnitude Line Spectra of the pulse signal — note that the

envelope is a sinc () function!



Bandlimiting Effects on Signals

* All communication systems have =~ ) J’ e
some finite bandwidth
« Sufficient BW must be e

guaranteed to reserve the signal

integrity \ o~/

1 KHz Square Wave — band-limited to 8KHz

0 . -V\
v(t) = Vsine(Nm/2)cos(Nwt) ‘ i
N=20dd 1st, 31, & 5t Harmonics \/\_—\/ o

1 KHz Square Wave — band-limited to 6KHz

g “—

> .

n=oo :
. . . First & 3rd Harmonics B .
VV(f) - 2 Cn 6(f o Ilf ())
n=—oa 1 KHz Square Wave — band-limited to 4KHz

-

A waveform w(t) is said to be (absolutely) First Harmonic N
bandlimited to B hertz if

W() = Fw(] = 0, for |fo] >or = B




Bandlimiting in Mixing Devices

« Mixing is the process of combining two or more signals (e.g.,

Op-Amps)

— Linear Summing

« Amplifiers with single inputs "= ’\
- Amplifiers with multiple inputs ] e N wmAn A%

. . Vin =V 'a"'fb
— Nonlinear Summing _'*,y
b

« Amplifiers with single inputs
« Amplifiers with multiple inputs

Amplitude
——
|
|
3 |
o |
|
|

<
"
<

P--——_>

Amplitude

o=

(a)

Amplitude
—— o on
|
|
I
§
Amplitude

VME Vb

Vour = Ay, + Av,

(b)

Av, Ay,

," Amplified by A

r———-)-

Amplitude

o™ pr—

Y

Lo -1

-
o



Bandlimiting in Mixing Devices

« Mixing is the process of combining two or more signals (e.g.,
Op-Amps)
— Linear Summing
« Amplifiers with single inputs v =Av. + Bv:+Cv)
« Amplifiers with multiple inputs '_\_ v, =V, sinQ2a f,t)+V,sinQxf,t)
_ Nonlinear Summin —>v =AV sin2rft)+V,sin(2x f,t)
N _ _g _ +B(V, sin2r f.1)+V, sin(2r £,1))*
« Amplifiers with single inputs * +C(V. SinQf.£)+V, Sin@a f.0)
« Amplifiers with multiple inputs

Nonlinear
amplifier
(A) (B) (C)

For nonlinear case an infinite number
of harmonic frequencies are produced!

Amplitude
——_
I
|
|
|
I
|
Amplitude
-5_ _>
I
I
|
|
Amplitude

If these cross-products are undesired -
- we call them Vin = ¥, VoY, Vour = ALY, + ) + B(y, + v, )

| +ClY +vgP 4.,

)
If these cross-products are desired > / \
we call them ! | Ay, Av,

g : g , Cross-Products

£1 > £

—_ E £ |

Cross-Products = m.f, +/- n.f, 1% B P I I . I 0

R ek Various h.,mf

products of f, and fy




Example

 Assume we have a nonlinear system receiving two tones
with frequencies of 5KHz and 7 KHz. Plot the output
frequency spectrum for the first three harmonics (assume m
& n can each be 1 & 2).

— Fundamental frequencies (first harmonic): 5KHz & 7KHz

— Harmonics:
« Second harmonic: 10KHz & 14KHz
 Third harmonic: 15KHz & 21KHz

— Cross-Products = m.f, +/- n.f,
* n=1 & m=1 > 5+/-7=12KHz & 2KHz
* n=1 & m=2 2> 5+/-14=9KHz & 19KHz
* n=2 & m=1 2> 10+/-7=3KHz & 17KHz
* Nn=2 & m=2 > 10+/-14=24KHz & 4KHz

All together there are 14 frequencies on

the frequency spectrum!



Exercises Related to FS

 Review Schaum’s Outline Chapter 1



Fourier Transform (1)

Remember: Fourier Series:
 How can we represent a waveform?

— Time domain
— Frequency domain - rate of occurrences C, = f Iw(t)e‘f""""dz

w(t) = Zc e’ " where

* Fourier Transform (FT) is a mechanism that can find the
frequencies w(t): x .

W(f) = Flw(t)] = / [w(t)]e 72" dt

« W(f) is the two-sided spectrum of w(t) = positive/neg. freq.

« W(f) is a complex function:

w(f)= X(f)ﬂ“JY(f)—lW(f)le’”m‘\/X2 N+Y(N), H(ﬂ—tan( %?)]

Quadrature Phasor
Components Components

« Time waveform can be obtained from spectrum using
Inverse FT

w(t) = / W(f)el>™ It df



Fourier Transform (2)

« Thus, Fourier Transfer Pair: w(t) €<-> W(f)

« WI(t) is Fourier transformable if it satisfies the Dirichlet
conditions (sufficient conditions):

— Over a finite time interval w(t), is single valued with a finite number of
Max & Min, & discontinuities.

E = normalized energy = j lo(?) | dt <

* dir-i-kley



Dirac Delta and Unit Step Functions

1. Dirac Delta Function (Unitimpulse)
I @w(x)o(x)dx = w(0)

where w(X) is continuous at x=0.

» Alternative definitions:

jﬁ(x)dx =1, §(x) = {

w,x =0

0, x =0

* Shifting Property of Delta Function
I w(x)o(x—x,)dx = w(x,)

* dih-rak

2. Unit step function

G - {l,t > 0
0,t<0

~

| Notte that

[8(x)dx = u(e), thus du(1)

= 5(2)



FT of Signum Functions

¢ The signun signal sgn{¢) can be expressed as

(20

1, ‘o
gn(f)= { , (<0 il

=lim

o el

e, 120 :
& <0

e The FT of sgn{¢) is given by
Ssga) = im| [ "¢ e+ [ e

-hm[_‘ B 'd:+L e""""':'dz]
"ltm—-"ﬁL:

!
o +4x T yxf



FT of Unit Step

¢ The unit step function w(f) can be expressed as
1.1
u(f)= ;+ ;sgn.(f)
¢ Taking the FT of both sides yields

|
=S

Lo'(f) = ';-5("-) +

wm!

!



FT Examples (1)

1. Find FT of impulse delta signal.

F{5(t)}=D(jw)= Ic?(t)e'j"’dt =e’ =1

Note that ih general:
[ r@&ys@e—t)de = f,)

In our case, to = 0 and f(to) =1

2. Find FT _of a DC waveform o(t) =1
F{l} = [e7"dt = 5(w)

This can_Be shown by taking
the inverse of delta function.

F Y5 (w)} = ja’(a))ef‘"'dt =e’=1

See Appendix A of the Textbook!

3. Find the spectrum of an
exponential pulse.

o= e

o _—(+jeo)

W(f)= je"e'j‘“dt = :

0 (1+ jo)

(1+jo)

The quadrature components are:

—2mf

X(f) = .
1 + Qmf)?

and Y(f) =

1 + Quf)?

The polar components are:

|
|

W(f)| = \""1

and 6(f) = —tan”'Qmf
+ ) an (f) tan” ' (27f)

Pay attention!

NEXT->



FT Example (2)

$ The Magnitude-Phase Spectral Functions
$ will be plotted.
$ The Magnitude function will be plotted in dB units.
% The Phase function will be plotted in degree units. MagnitUde-Phase Form:
clear;
1 _
for (k = 1:10) W) = > and 6(f) = —tan”'Q2mf)
f(k) = 10%*2"(-10)*2"k; 1 + 2xf)

W(k) = 1/(1 + 2*pi*f(k)*sqgrt(-1));
end;

B = log(W);

WdB = (20/log(10))*real(B);
Theta = 180/pi*imag(B);
subplot(211);
semilogx(f,WdB);
xlabel('f');

ylabel('W(£f) in dB');

grid;

W(fin dB

subplot(212); f
semilogx(f,Theta);

xlabel('f');

ylabel('Angle of W(f)in degrees');
grid;

subplot(111);

Note: Pay attention to how
the equations are setup!

Angle of W(flin degrees




Phase Difference & Time Delay

What does time delay have to do with phase angle?

Calculation between phase angle ¢° in degrees (degq), the time delay 4 ¢ and the
frequency fis:

Phase angle (deg) ¢° = 360°- f - At

© Frequency f 500 Hz
(Time shift) Time difference At = — Time delay 4 ¢ 05 ms
360 - f
o}
360 - At Phase difference ¢ in degrees a0 °ordeg
l=c /f and ¢ =343 m/s at 20°C. @inradians 1.5707963267 rad
vt c =343 m/s at20° wavelength A o.686 m

A

“a LIRS [ -,
¢ 5 ] . F 8
P L ) \ I' v . v
¢ ' f 1 . \ ) \
1 1 s 5 ¢ ] Fl Y
’ 'l l’ ‘l ‘ t ( I \-
T g * ! T pr o
] 8 ¢ ] ¢ 1 ] .\
} . ;’ ] \ 1 1 L }(
‘ L . L ) ] ¢ \
R Al ) ) r .
Y . \
¢ r S r 1
o

\" -'

¢




Other FT Properties

Operation Function Fourier Transform
Linearity a)w(t) + arw- (1) ayWi(f) + aaWa(f)
Time delay w(t — Ty) W(f)e /T«
1
Scale change w(ar) — W ( i )
|al a
Conjugation w'(f) W*(—f)
Duality W(1) w(—f)
Real signal w(t)cos(ws + ) ‘é[éJaW (f = f) + e ow(f + fc)]
frequency
translation
[20(1) 1s real ]
Complex signal w(t) e/ W(f — f.)
frequency
translation
Bandpass signal Ref{ g(t) efoct} %[G(f —f)+G(—f - fc)]
Differentiation d"w(t) G2mf)'W(f)
dt"

Find FT of w(t)sin(w_t)!

w(t)sin(w,t) = w(t)*(cos(wct-90)) = ¥ [eA-90] W(f-fc) + [er+90] W(f+fc]="% [-f] W(f-fc) +[ j] W(F+fc]



Spectrum of A Sinusoid

Given v(t) = Asin(w,t) the following function plot the

magnitude spectrum and phase Spectrum of v(t): |v(f)| & 6(f)

f - A( e’V — g I Note that V(f) is purely imaginary
vit) = 2 > When f>0, then 6(f)= /2
o joot _ — jous - When <0, then 0(f)= +x/2
V(f)= A( = ]e‘f""dt
o 2J _} v(F)
— i -‘;e—zj”(f-fo)fdt _i J;e—zjf‘f(.f'+fo)fdt .
2 . 2j = -5 4 san
4 “Similr to FT for T 2 t/
= j?[b(f + fo)=o(f = f,)] St -
* The rzagnitude spec;;trum is h fo
V()= ?5(f_fo)+?§(f+fo) )




Other Fourier Transform Pairs (1)

» Rectanqular pulse:

Spectrum of a rectangular pulse

0,|¢t|>

T
T

2

—-joT /2 T2
Jjo ejm

W(f)= J‘ —jmrdt_e
e D
o sin( T /2) _ TSa (zIf) .
(0T /2) .
» Sa (or Sinc) function:
Sin . (b) Sa(x) Funct .
Sa(x) = (x) _ Sinc (x/ ) A(7)

* Trianqular function: N /\
SN LY. /
T

Tri(t) = A| —
\T )

vi )= A L)

I )

0,|¢]>T

< T -Sa*(xfT)
Sa stands for Sampling Function



Other Fourier Transform Pairs (2)

Time Domain

t

H(F)H T - Sa (zTf)

it is convenient to represent binary 1 &
0, e.g., in TTL logic circuits by the pulse.

2 - Sa(2aWt) <> H(L]
4

Using Duality Property

o 7 sn(#T)"

w(t)=A

(T )*

, OF

/:‘\

T
-5

(a) Rectangular Pulse

2w

w

and Its Spectrum

2WSa(2wWi)

(b) Salx) Pulse and Its

quency Domain

T Sa(=Tf)

/-

N
5> N
T f

I i
T () —

(%)

Tis

W

T Sai(wTf)

w(t)=A

& T-Sa(=fT)

1-t/T,0<t<T
i - t)_j0,t>T
Note: w(t)—/\(F)- 14¢t/T,-T <t <0
0,t<-T




Other Fourier Transform Pairs (3)

Function Time Waveform 20(¢) Spectrum W(f)
f
Rectangular H( T ) T[Sa(wfT)]
. t
Triangular A( T ) T[Sa(mfT)]?
()2 {+1, t >0 ]
it ¢ u — - ’
Unit step 0, t<0 3 B(f) -+ ]21Tf
s [+, £=0 1
Signum sgn(t) =1 _, t <0 jmf
Constant 1 3(f)
Impulse at r = ¢ ot — ty) e 27l
Sin ¢ Sa(2mWi) : n( / )
ne nd oW\ 2W
Phasor ellwott¢) el S(f — fo)
Sinusoid cos(w.t + ¢) 3e¥8(f — f) + 3¢ °8(f + fo
Gaussian o mt0) tne—vr(fln)z
Exponeqtial, e T =0 T
one-sided 0, t <0 1 + j21TfT



Examples

1. Using superposition, find the 2. Using integration, find the
spectrum for a waveform spectrum of
w(t) = H[%)+85in(6m) w(t)=5-5eu(t)

Solution: Use rectangular & scaling  Solution:

t=5\|_ .. sin(107f) ;s * o
F|:H( 10 )il - 10 (1072.7{) Ufingjtime delay W(f) - j—x (I)(t)e ! dt
— Jt S5e7*7dt -5 _f e e u(t)dt

For 8sin(6xt), we have: _
Note: 2xfo=2x(3) =2(1+jAf )t

0
=50 -
F[8sin( 67t) ]| = j%[é‘(f +3)-05(f-3)] ()3 21+
Therefore W(f)=55(f)- 2-5
W(f)=10 Sin(107§f)e_j10,§f 1+.,7Zf
1079( For what freq. W(f) has its max?
+ .]4[5(f + 3) o é‘(.f o 3)] See the Gaussian Exponential

One-sided Property! (T=1/2)



Plotting Magnitude and Phase Spectrum

% Continuous part of Spectrum
Wmag = zeros(length(f),1l);
Theta = zeros(length(f),1l);
for (i=1l:1:1length(f))

Wmag(i) =

end;

% Modify the Spectrum to include the Delta functions
l:1:1length(f))
== 0)

for (i =
if (£(1)
Wmag(i)
Theta(1i)
end;

end;

5;
0;

$only if f£(1i)

abs(=5/(242j*pi*f(i)));
Theta(i)=(180/pi)* angle(-5/(2+23*pi*f(i)));

0

Theta(f), Degressz

W(f)=55(f)-

2.5
1+ jAf

Magnitude Spectrumn

W

T

T T T

f,Hz —>
Phase Spectrum

200

100

-100

T T T T

-200

=il



Spectrum of Rectangular Pulses

1. Find FT of w(t) waveform

What is w(t)?



Spectrum of Rectangular Pulses

1. Find FT of w(t) waveform s

1 2 3 4

Solution: We use superposition of two rectangular pulses.

o (t) = 11 ’_2)+2n("2]
4 2/
From FT tables, we find:
sin( 4 7zf") o2 sin( 27zf") o2

W) =4=s "+ AN, ° = 4[Sa(47f) + Sa (21f ) e 47




Spectrum of a Switched Sinusoid

Waveform of a switch sinusoid can be

represented as follow:

t t T
a(t)=11(=)Asin .t =11(—)A4 @t ——
(2) (T) sin @, (T) cos(@, 2)

The frequency domain representation of w(t)
will be:

W) = 5 TUSaG(f + 1)) ~SalaT(f ~£,)

AW

Note that the spectrum of w(t) is
imaginary!

[ —

_fu

l -
As T>INF, 1/T-> 0, then Sa — 7l
waveform converges to a double-

sided delta waveform

0/1’ fo N

Magnitude Spectrum of w(t)



Alternative Tools

« Try the following: ¥ Wolfram Alpha

magnitude(1/(1+ix)); =]

arg(1/(1+ix)); -100<x<100
magnitude(1/(1+ix));

& 0 B 9

http://www.wolframalpha.com/input/?i=magnitude%281%2F %281%2Bix%29%29%3B+

* Another very interesting tool to demonstrate FT:

http://home.fuse.net/clymer/graphs/fourier.html

Try the following:
- sin(10*x)+sin(100*x)
- sin(10*x)+sin(100*x)
- exp(0.05*x)*sin(100*x)



Back to Properties of FT

. S_pectra.ll symm_etry of real . . IW()P2= () is called Energy
signals: If w(t) is real, w(t) = Spectral Density in Joules/Hz &
*
w(t) then « E =integral of #{f) w.r.t. freq.

o (W(—f) = W (), or [W(f)| is even and 6(f) is odd.
* WI(f) is real when (7) is even.

* W(f) is imaginary when w(f) is odd.

* Parseval’s Theorem.

/ w(Hw(H)dt = / W (W 2(f)df

Energy Spectral

If w1(t)=w2(t)=w(t) > Density! J(Joules/Hz)

e  Rayleigh’s energy theorem, which is

o0 oc B
E= [ lwoPd= | W@HlHr 2E = / a(fdf

—0C
o0

Total normalized energy



Power Spectral Density

 How the power content of signals and noise is distributed over different
frequencies
« Useful in describing how the power content of signal with noise is affected by
filters & other devices
* Important properties:
— PSD is always a real nonnegative function of frequency
— PSD is not sensitive to the phase spectrum of w(t) — due to absolute value operation

— Ifthe PSD is plotted in dB units, the plot of the PSD is identical to the plot of the
Magnitude Spectrum in dB units

— PSD has the unit of watts/Hz (or, equivalently, V2/Hz or A%/Hz)

» PSD for a deterministic power  Normalized average power:
waveform is ~ 2 O
—| 1 |W7(f)|2 F= <a) (t)>_ _-[ P”’(f)dfzvvrmsz
P{u (f) - llm . * .
T T i.e., the area under PSD function.
where @ (t) <> W:(f) and Note that |W(f)|2 was the Energy
P,(f) is in Watts/Hz. Spectral Density (ESD).

« WH-(t) is the truncated version of the signal:

w), -TR<t< le} , (r)
w(t) = = wnHll| —
o7(1) {(), t elsewhere o) T

Any other way we can find PSD?->



Autocorrelation Function

Autocorrelation, R(1) In summary PSD can be

evaluated by either:
* Relates power of a waveform to -

its freq. (W, (f)
R, () =(o@)w(t+7))= 11m - j o(t)o(t + 7)dt F(f)= [hm T J
L T sing FT of

* |t can be shown that PSD & ; >
. i autocorrelation function:
autocorrelation function are FT P (f)=F[R. ()]
pairs. R (z) < P,(f) ol e

where P,(f)=F[R,(7)] * Note that the total average
normalized power of the

waveform w(t) can be evaluated
by any of the four techniques
embedded in the formula below

P~ (@ ())y=W 2, = jP (f)df =R, (0)

- PSD




Example: Power Spectrum of a Sinusoid

Find the PSD of w(t) = Asinwyt

Method 2: using the indirect method \verage normalized power

" " " — [ A2 — A2
(finding the autocorrelation):  P.(f) = F[R_(7)] P—_£T[5(f‘fo)+5(f+fo)]df =
Ry(1) = (w(thw(t + 7))

1 [ » We can verify this by
= hm — / A?sin wyt Sin wq(t + 7) dt ] 2
&0 -T2 P=<(z)2(t)>=Wn2m =(A/\/5)2 =A7

2

P

. A
R,(1) = 7 COS wyT

2

i [ A° /\2 1. cos(a £ b) = cosacosb F sinasinbd
:J/’?,_,(f) = LJ[ 7 COs O)(]T] = T [8(f - f()) + (S(f + f[))] 2. sin(a £ b) = sinacosb + cosasinb
3. cosacosh = %[ cos(a + b) + cos(a — b)]
Pulf) 4. sinasinb =3[ cos(a — b) — cos(a + b)]
5. sinacosb = %[ sin (a + b) + sin (a — b)]
i B W'cigl:t is 6. cos2a = cos’a — siﬁ?a =2 cos?a — 1 =1 — 2sina
T 4 T/ % 7. sin2a = 2sinacosa
ry fa f . 8. C.OSZZ a _= 1%(1 + cos2a)
J— 9. sin“a =35(1 — cos2a)




Orthogonal & Orthonormal Functions

» Orthogonal Function: ¢,(t) and ¢,,(t) are orthogonal if
b
J'go”(t)q);(t)dt = 0 forn#m

Orthogonal functions are independent,

a

Over some intervala & b

in disagreement, unlikely!

» Orthonormal Function: ¢,(t) and ¢, (t) are orthonormal if

¢ ) 0,n # m
[0, (t)e, (1)t = - =K ,5,,

0, nF om
(Snm = { } & Kn=1

1, n=m

Note that if Kn is any constant other than unity, then the functions are not orthonormal!



Example

» Show that @, (t)=1(t) and @,(t)=sin2rmt are orthogonal functions over
the interval -0.5<t<0.5.

0.5 -
cos 27t = —l[cos 7 —cos(-7)]=0
27 |-0.5 2rx

. . b 0.5
Solution: [ 0,0, (t)dt = [1sin 27dt =~

-0.5

Seems like two functions are always orthogonal!!!!

Note that /](f) and sin2mt are not orthogonal over the interval 0<t<1
because [1(t)=0 for t>0.5, & the integral from 0 to 0.5 is 1/ which is not
zero.

Can you show this?




Orthogonal Series

* A physical waveform w(t) that Note that a, and ¢, (t) are orthogonal

comprises signal + noise can be
represented over interval a<t<b

by a series:

& the orthogonal coefﬁci:ants are:

1

a, =~ jw(t)(p;(t)dt ~| s -

n a

» The orthogonal series are useful |,
in deterministic representation of
signal, noise, and signal-noise

combination.

o)=Y a,p,(t)

@y (t)

/

Function

1)
generator |

\F:(f)

VA

Clock

eyl(1)

Function
generator N

Pl

w(t) > orthogonal series > @(t)=)_a,9,()




Example

« Are sets of complex exponential functions (¢ over the
interval a<t<b=a+To, w_=2n/To orthogonal? Are they
orthonormal?

b a+Ty a+T,
jgon (t)¢; (t)dt — J‘ejnwote—Jmmo!dt — jej(n—m)(uotdt
a a .

a+Ty . ej(n—m)(uoa[ej(n—m)Z;r _ 1]
For n # m, we have Ief(""")‘”‘]’dt _ ~0

J(n-m)w,
a

since e’""™?*" = cos[27(n—m)]+ jsin[27(n—m)] =1, the orthogonality
is satisfied, T

-Forn=m,_[ o (o (t)dt = Ildt =T,

K, =T, and because K, # 1, the function is not orthonormal but
orthogonal.
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